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1.1 Introduction

� Information or data comes in discrete units called degrees of freedom.

� In any data set there are as many degrees of freedom as there are obser-
vations.

� The purpose of collecting data from a process is to learn about that
process, but all data sets contain both signal and noise.

� The purpose of data analysis is to separate the signal from the noise.

� The signal extracted from the data is called a model which should capture
the systematic or assignable cause variation in the data set. Whatever
variation is left over is attributed to noise or common cause variation.

� The relationship between the data, model, and noise can be written:

Data!Model + ErrorStatement ((1))

or for individual observations:

yi = byi + �i
where the error statement speci�es the shape of the �i distribution and its
standard deviation.

� If the model is accurate, then it will approximate the population from
which the sample was drawn.

� The complexity of terms that can be included in the model is limited by
the magnitude of the noise.

� Just as the variation in the data gets partitioned into two sources, the
model and the error, the degrees of freedom get partitioned into those
categories, too.
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� When we extract a model from data, the model consumes some informa-
tion or degrees of freedom. Whatever information or degrees of freedom
are left over after the model has been constructed are available to form
the error statement.

� The standard deviation of the residuals �i, usually called the standard
error of the model, is always given by:

s� =

vuutX
�2i

df�

� Information or data accounting is done by keeping track of the available
degrees of freedom and how they are partitioned between the model and
the error statement.

1.2 One Sample

Suppose that a sample of size n is drawn from a single stable population and
that the measured response is quantitative. The �rst statistic extracted from
the sample data is the mean:

�y =
1

n

nX
i=1

yi

In the case of the sample mean, we divide
X

yi by n because there are n pieces
of information or degrees of freedom available to determine the sample mean.
After the sample mean has been determined, we can calculate the discrep-

ancies between each yi and �y:

yi = �y + �i

where the �i are called the residuals. Notice that this equation has the same
form as Equation 1. We must form the error statement from the residuals. We
do this by: 1) constructing a histogram of the residuals to determine their shape
and 2) calculating their standard deviation:

s =

vuut 1

n� 1

nX
i=1

�2i

where
�i = yi � �y

Although there are n �is, we must divide by n � 1 because only the �rst
n� 1 of the n �is are free to vary. To understand this, suppose that a sample of
size n = 10 has a sample mean of �y = 3 and that the �rst nine of the yi are all
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yi = 3. Since there are ten degrees of freedom in the data set, by specifying the
�rst nine observations and the sample mean, the tenth observation is not free
to vary - in this case it is forced to take on the value y10 = 3.
These arguments show that whereas the sample mean is calculated from all

n degrees of freedom, it consumes one degree of freedom leaving n � 1 degrees
of freedom to estimate the noise. That is:

dfmodel = 1

df� = n� 1
dftotal = n

1.3 Con�dence Interval for �

A classic application of the sample mean and standard deviation is the calcula-
tion of the con�dence interval for the true but unknown population mean. The
con�dence interval is given by:

P

�
�y � t�=2

sp
n
< � < �y + t�=2

sp
n

�
= 1� �

where the t distribution�s degrees of freedom are determined by the degrees of
freedom available to determine s, i.e. df� = n� 1. (Sometimes the t values are
written t�=2;df� to explicitly indicate the degrees of freedom associated with the
t distribution.)

1.4 Two Independent Samples

When two independent samples are drawn from their respective populations for
the purpose of comparing their means, and it is likely that the two populations
have equal standard deviations, then the sample means are:

�y1 =
1

n1

n1X
i=1

y1i

and

�y2 =
1

n2

n2X
j=1

y2j

Since the standard deviations of the two populations are expected to be the
same, we can combine the information about the noise from the two indepen-
dent samples into one improved estimate of the common population standard
deviation:

s� =

vuutXn1

i=1
�21i +

Xn2

j=1
�22j

n1 + n2 � 2
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where

�1i = y1i � �y1
�2j = y2j � �y2

and we must divide by df� = n1 + n2 � 2 to account for the two degrees of
freedom consumed by the prior calculations of the statistics �y1 and �y2. That is:

dfmodel = 2

df� = n1 + n2 � 2
dftotal = n1 + n2

1.5 Con�dence Interval for ��

The con�dence interval for the di¤erence between the two population means
would be:

P

�
��y � t�=2s�

r
1

n1
+
1

n2
< �� < ��y + t�=2s�

r
1

n1
+
1

n2

�
= 1� �

where ��y = �y1 � �y2 and the t distribution�s degrees of freedom are df� =
n1 + n2 � 2.

1.5.1 Two-Sample t Test with Unequal Variances

When the two populations have variances that are di¤erent from each other
(heteroscedastic), the noise information from the two samples cannot be com-
bined as they were in the homoscedastic case. There are two di¤erent but related
methods of determining the degrees of freedom for the heteroscedastic case:

� Hsu�s method: df� = min (n1 � 1; n2 � 1)

� Welch�s method: df� =

�
s21
n1
+

s22
n2

�2
1

n1�1

�
s21
n1

�2
+ 1
n2�1

�
s22
n2

�2
Notice that:

1. Welch�s method is an interpolation of the other two methods:

min (n1 � 1; n2 � 1) < df� (Welch) < n1 + n2 � 2

2. Hsu�s method is the most conservative but least sensitive to small di¤er-
ences between the treatment means.
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1.5.2 Degrees of Freedom in ANOVA and Regression

In the model-building methods ANOVA and regression, the total variation in
the measured response is always considered relative to the grand mean of the
response. The necessary calculation of the grand mean as the �rst step in these
analyses is accounted for by setting the total degrees of freedom associated with
a data set equal to the number of observations minus one. In the subsequent
models, although a model might contain k coe¢ cients, only the �rst k � 1 are
free to vary because the last coe¢ cient must be consistent with the grand mean.

1.6 One-Way ANOVA

The purpose of one-way ANOVA is to determine if there is evidence of di¤erences
between the populations means of k � 3 treatments. That is, we want to test
the hypotheses:

H0 : �i = �j for all possible i; j pairs

HA : �i 6= �j for one or more i; j pairs

The model will consist of the k treatment means. If there are n observations
in each of the k treatments, then there are nk observations in the data set. If
the treatment errors are homoscedastic (i.e. have the same constant variance),
which is one of the usual assumptions required of ANOVA, then as in the case
of two-sample means, the common treatment variance can be estimated by
combining information about the noise from all of the treatments so there will
be df� = nk � k error degrees of freedom.
The total variation in the data set is measured relative to the grand mean

of the data set by:

SStotal =
kX
j=1

nX
i=1

�
yij � y

�2
where the calculation of y consumes one degree of freedom. It can be shown
that SStotal can be partitioned into two parts, one associated with di¤erences
between treatments:

SStreatments = n
kX
j=1

�
�yj � y

�2
and another associated with variation within treatments:

SS� =
kX
j=1

nX
i=1

(yij � �yj)2

where
SStotal = SStreatments + SS�
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The corresponding degrees of freedom are:

dftotal = nk � 1
dfmodel = k � 1

df� = (nk � 1)� (k � 1) = k (n� 1)

where
dftotal = dfmodel + df�

Although there are k treatment means in the model, only the �rst k�1 of them
are free to vary because the kth one must be consistent with y.
The ANOVA calculations are summarized in an ANOVA table:

Source df SS MS F

Treatments k � 1 SStreatments
SStreatments

dftreatments
F =MStreatments

MS�

Error k (n� 1) SS�
SS�
df�

Total nk � 1 SStotal

where the F distribution has dftreatments = k � 1 numerator degrees of
freedom and df� = k (n� 1) denominator degrees of freedom. If there are no
di¤erences between any of the treatment means, then we expect that F � 1,
but if there are di¤erences then we expect that F � 1.
Since the F distribution�s shape depends on dftreatments and df�, it�s not

su¢ cient to just observe if F is large compared to one or not. To be more
rigorous, we usually calculate the p value corresponding to the F statistic from
the area under the F distribution to the right of the ANOVA�s F statistic:

p =

1Z
F

pdf (F ; dftreatments; df�) dF

where pdf () indicates the F distribution probability density function. When p
is small (typically p < 0:05) then we reject H0 and conclude that there are
statistically signi�cant di¤erences between the treatment means.
MINITAB and most other statistical software packages automatically calcu-

late and report the p value for the ANOVA.

1.7 One-Way ANOVA: Example

A one-way classi�cation experiment was performed to test �ve di¤erent treat-
ments for possible di¤erences between their population means. Samples of size
n = 8 were drawn from each treatment. Determine how the ANOVA degrees of
freedom are partitioned and complete the ANOVA calculations:

Source df SS MS F p
Treatment 360
Error 700
Total
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Solution:

Source df SS MS F p
Treatment 4 360 90 4:5 0:005
Error 35 700 20
Total 39 1060

where F0:995;4;35 = 4:5 and the model can be summarized with the following
statistics:

s� =
p
MS� =

p
20 = 4:47

r2 = 1� SS�
SStotal

= 1� 700

1060
= 0:340

r2adj = 1�
dftotal
df�

SS�
SStotal

= 1� 39
35

700

1060
= 0:264

1.8 Linear Regression

When we �t a line to the data in a scatter plot with n points, the line will have
the form:

(yi � �y) = b1 (xi � �x) + �i
where the line passes through the point (�x; �y) and has slope �y

�x = b1. The point
(�x; �y) and the slope, which comprise the model, each consume one degree of
freedom so there will be df� = n�2 degrees of freedom to estimate the variation
in the observations about the �tted line.
The equation for the line is usually written in an equivalent but alternative

form:
(yi � �y) = b1 (xi � �x) + �i

yi = b1 (xi � �x) + �y + �i
= b1xi + (�b1�x+ �y) + �i
= (b1xi + b0) + �i
= byi + �i

where b0 = �y � b�x is the y axis intercept, i.e. another point on the line at
(x; y) = (0; b0). (Notice that this equation has the same structure as Equation
1!)
As in ANOVA, a �rst degree of freedom is consumed by the point (�x; �y), so

although the model consumes two degrees of freedom (b0 and b1), only one of
them is free to vary so:

dftotal = n� 1
dfmodel = 1

df� = n� 2

and the standard deviation of the residuals for the error statement is given by:

s� =

vuut 1

n� 2

nX
i=1

�2i
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where �i = yi � byi
1.9 Quadratic Regression

If a quadratic function of the form:

yi = b0 + b1xi + b2x
2
i + �i

is �tted to n points in a scatter plot, then

dftotal = n� 1
dfmodel = 2

df� = n� 3

The standard error will be:

s� =

vuut 1

n� 3

nX
i=1

�2i

where
�i = yi � byi

1.10 Polynomial Regression

If a kth order polynomial of the form:

yi = b0 + b1xi + b2x
2
i + � � �+ bkxki + �i

is �tted to n points in a scatter plot, then

dftotal = n� 1
dfmodel = k

df� = n� k � 1

The standard error will be:

s� =

vuut 1

df�

nX
i=1

�2i

where
�i = yi � byi
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1.11 Multi-Way ANOVA

When there are two or more variables in a crossed multi-way classi�cation de-
sign:

� The total degrees of freedom is always the number of observations minus
one.

� The degrees of freedom for a main e¤ect is given by its number of levels
minus one.

� The degrees of freedom for an interaction is given by the product of the
degrees of freedom of the relevant main e¤ects.

� The error degrees of freedom will always be whatever�s left over after
subtracting the model degrees of freedom from total degrees of freedom.

1.12 Multi-Way ANOVA: Example

Determine how the degrees of freedom are partitioned in the 3� 2� 5 full fac-
torial experiment with three replicates run in blocks and complete the ANOVA
calculations.

Source df SS MS F p
Blocks 26
A 80
B 8
C 2000
AB 30
AC 400
BC 36
ABC 80
Error 580
Total

Solution:
Source df SS MS F p
Blocks 2 26 13 1:3 0:280
A 2 80 40 4:0 0:024
B 1 8 8 0:8 0:375
C 4 2000 500 50 0:000
AB 2 30 15 1:5 0:232
AC 8 400 50 5 0:000
BC 4 36 9 0:9 0:470
ABC 8 80 10 1:0 0:446
Error 58 580 10
Total 89 3240
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1.13 Multi-Way ANOVA: Example

Simplify the model from the preceeding example by eliminating terms that are
not statistically signi�cant and recalculate the ANOVA table.
Solution:

Source df SS MS F p
Blocks 26
A 80
B 8
C 2000
AB 30
AC 400
BC 36
ABC 36
Error 80
Total

1.14 General Linear Model

When an experiment contains one or more qualitative variables and one or more
quantitative variables, we need to do ANOVA on the qualitative variables and
regression on the quantitative ones. Interaction terms between qualitative and
quantitative terms account for possible slope di¤erences between the levels of
the qualitative variables. Calculate degrees of freedom for models of this form
using the usual rules for ANOVA, regression, and interactions.

1.15 GLM: Example

An experiment was performed to determine how temperature a¤ects the growth
of three di¤erent strains of tomatos. Three samples of each strain were evaluated
at �ve di¤erent levels of temperature. Determine how the degrees of freedom
are partitioned if the model must account for possible slope di¤erences between
the strains and include a generic curvature term in the model to check for lack
of linear �t.
Solution: The model will have the form:

y = b0 + b01(Strain = 1) + b02 (Strain = 2) + b03 (Strain = 3)

+Temp [b2 + b21(Strain = 1) + b22 (Strain = 2) + b23 (Strain = 3)]

+b4Temp
2

where b03 = � (b01 + b02) and b23 = � (b21 + b22). Note that the b0i are
bias corrections for the di¤erent strains and the b2i are slope corrections for the
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di¤erent strains.
Source df
Strain 2
Temp 1

Strain*Temp 2
Temp*Temp 1

Error 38
Total 44

1.16 Designed Experiments

Two-level factorial, two-level fractional factorial, and response surface designs
are usually analyzed by multiple regression. Use the usual regression and
ANOVA rules to determine how the degrees of freedom are partitioned between
the model and error sources.

1.17 Designed Experiments: Example

A Box-Behnken three variable experiment with three replicates in blocks was
performed. The model �tted to the data includes main e¤ects, two-factor inter-
actions, quadratic terms, and terms for blocks. Determine how the degrees of
freedom are allocated in the experiment.
Solution: The model has the form:

y = b0 + b01 (Block = 1) + b02 (Block = 2) + b03 (Block = 3)

+b1x1 + b2x2 + b3x3

+b12x12 + b13x13 + b23x23

+b11x
2
1 + b22x

2
2 + b33x

2
3 + �

where b03 = � (b01 + b02).
Source df
Blocks 2
x1 1
x2 1
x3 1
x12 1
x13 1
x23 1
x21 1
x22 1
x23 1
Error 33
Total 44
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1.18 Nested Designs

In a nested experiment design, the levels of one variable are unique within the
levels of another. If variable A has a levels and each level of A has b unique
levels of a second variable B within it, then the ANOVA degrees of freedom are:

Source df
A a� 1
B(A) a (b� 1)
Error ab (n� 1)
Total abn� 1

The justi�cation for the value of dfB(A) is that there are ab levels of B in the
study, but a mean must be calculated for each level of A, so only b� 1 of the b
means within a level of A are free to vary.

1.19 Nested Design: Example

An experiment was performed to compare the strengths of braided rope manu-
factured on three di¤erent machines. It was impossible to run material from the
same lot on each machine, so random samples of four di¤erent material lots were
used on each machine. Determine how the degrees of freedom are partitioned if
two samples of each �nished rope were tested.
Solution: With the assignments A : Machine and B : Material we have

a = 3, b = 4, and n = 2:

Source df
Machine a� 1 = 2

Material(Machine) a (b� 1) = 9
Error ab (n� 1) = 12
Total abn� 1 = 23

Although there are ab = 12 materials involved in the study, there are a = 3
machine means so only a (b� 1) = 12� 3 = 9 of the material means are free to
vary.
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